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AROUND THE NONLINEAR RYLL-NARDZEWSKI
THEOREM
ANDRZEJ WIS´NICKI
Abstract. Suppose that Q is a weak∗ compact convex subset of a
dual Banach space with the Radon-Nikody´m property. We show that if
(S,Q) is a nonexpansive and norm-distal dynamical system, then there
is a fixed point of S in Q and the set of fixed points is a nonexpansive
retract of Q. As a consequence we obtain a nonlinear extension of the
Bader-Gelander-Monod theorem concerning isometries in L-embedded
Banach spaces. A similar statement is proved for weakly compact convex
subsets of a locally convex space, thus giving the nonlinear counterpart
of the Ryll-Nardzewski theorem.
1. Introduction
Fixed point theorems for groups and semigroups of mappings provide a
powerful tool in diverse branches of mathematics. Kakutani-type theorems
have found numerous applications in functional analysis, harmonic analysis
and ergodic theory. Furstenberg’s structure theorem and its consequences
are fundamental tools in topological dynamics. The Bruhat-Tits theorem
concerning complete metric spaces satisfying the parallelogram law turns
out to be useful in differential geometry. Kazhdan’s property (T) plays a
prominent role in geometric group theory and related fields. Also, the recent
Bader-Gelander-Monod theorem for affine isometries preserving a bounded
set in L-embedded Banach spaces has several applications in group theory
and in the theory of operator algebras, including the optimal solution to
the old “derivation problem” in L1(G).
One of the first general fixed point theorems for isometries, next to
Kakutani-type theorems, was shown by Brodski˘ı and Mil’man in [5]–all
surjective isometries acting on a weakly compact, convex subset of a Ba-
nach space with normal structure have a common fixed point. In partic-
ular, a group of isometries of a uniformly convex or a uniformly smooth
Banach space with bounded orbits has a fixed point. Since surjective isome-
tries acting on the whole space are always affine, the last result holds true
in all reflexive spaces as a consequence of the Ryll-Nardzewski theorem,
2010 Mathematics Subject Classification. Primary 37B05; Secondary 28D05, 47H10,
54H20.
1
2 A. WIS´NICKI
and still more generally, in all duals of Asplund spaces, thus in all sepa-
rable dual spaces provided the isometries are weak∗ continuous. But the
Ryll-Nardzewski theorem goes beyond isometries and concerns a significant
generalization of isometric dynamical systems called distal systems. Let us
recall its classical version (see [20, 21]).
Theorem 1.1 (Ryll-Nardzewski). Let Q be a nonempty weakly compact
convex subset of a locally convex space (X, τ) and let (S,Q) be an affine
and τ -distal dynamical system. Then there is a fixed point of S in Q.
By a dynamical system we mean a pair (S,Q), where S is a semigroup,
Q a topological space and there is a semigroup action S × Q → Q of S
on Q such that the mappings Q ∋ x → sx ∈ Q are continuous (in the
topology of Q) for each s ∈ S. A dynamical system is affine if Q is convex
(in a locally convex space) and s(αx + (1 − α)y) = αsx + (1 − α)sy for
every α ∈ [0, 1], s ∈ S and x, y ∈ Q. A dynamical system is compact if Q is
compact, and τ -distal (or τ -noncontracting) if
0 /∈ {sx− sy : s ∈ S}
τ
for every pair of distinct points x, y ∈ Q.
Ryll-Nardzewski’s theorem involves the interplay between the strong and
weak topology, and considerably improves Hahn’s and Kakutani’s fixed
point theorems. In particular, since isometric systems are distal and S is
a semigroup, it follows that all continuous affine isometries, not necessar-
ily surjections, defined on a weakly compact convex set Q have a common
fixed point. The question naturally arises as to whether there is a nonlinear
counterpart of this result or, more generally, whether there exists a nonlinear
version of Ryll-Nardzewski’s theorem.
Two remarks are in order. Note first that Alspach’s example [1] shows
that there is a fixed-point free isometry on a weakly compact convex subset
of L1[0, 1]. Thus, the assumption that the mappings Q ∋ x → sx ∈ Q
are weakly continuous cannot be relaxed in general. (Another choice is to
put some additional requirements on Q but it is another interesting story).
Secondly, Boyce [4] showed an example of two commuting continuous maps
of [0, 1] into itself without a common fixed point, and Huneke [12] showed
another such example with Lipschitzian mappings. However, DeMarr [7] was
able to prove that a commutative family of nonexpansive (i.e., 1-Lipschitz)
mappings defined on a convex compact subset of a Banach space has a
common fixed point. Thus a natural requirement in the nonlinear case is
the nonexpansivity of a dynamical system and the program of studying fixed
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point properties of semigroups of nonexpansive mappings has already been
performed in the context of amenable semigroups (see [15] and references
therein).
In this paper we show the nonlinear version of Ryll-Nardzewski’s theorem
and some of its generalizations (see [10] for a thorough study of this prob-
lem). If Q is a subset of a Banach space, a dynamical system (S,Q) is said
to be nonexpansive if ‖sx− sy‖ ≤ ‖x− y‖ for every s ∈ S and x, y ∈ Q. A
natural extension of this definition to locally convex spaces will be given in
Section 2. Here is a summary of our main results.
Theorem A. Let Q be a weak∗ compact convex subset with the Radon-
Nikody´m property of a dual Banach space and let (S,Q) be a nonexpansive
and norm-distal dynamical system. Then there is a fixed point of S in Q.
Moreover, the set of fixed points is a nonexpansive retract of Q.
In particular, Theorem A is valid if Q is a weakly compact convex subset
of any Banach space or a norm-separable weak∗ compact convex subset of a
dual Banach space. Furthermore, if Q is a weak∗ compact convex subset of
the dual of an Asplund space, we obtain the nonlinear version of Namioka-
Phelps’ theorem (see [19, Theorem 15]). In locally convex spaces, we have
the following counterpart of the Ryll-Nardzewski Theorem.
Theorem B. Let Q be a nonempty weakly compact convex subset of a locally
convex space (X, τ) and let (S,Q) be a nonexpansive and τ -distal dynamical
system. Then there is a fixed point of S in Q. Moreover, the set of fixed
points is a nonexpansive retract of Q.
The qualitative part of both Theorems A and B is a consequence of
Bruck’s theorem [6, Theorem 3]. Next, we have the following nonlinear ex-
tension of the Bader-Gelander-Monod theorem [2, Theorem A].
Theorem C. Let X be an L-embedded Banach space and let (S, (X,weak))
be a nonexpansive and norm-distal dynamical system. If there is a bounded
set A ⊂ X such that s(A) = A for all s ∈ S, then there is a fixed point of
S located in the Chebyshev center of A.
Theorem C follows from the more general Theorem 5.3 in Section 5. In
particular, it holds for a semigroup of weakly continuous isometries preserv-
ing A. Note that in [2] a similar statement is asserted for a group of affine
isometries.
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The organization of the paper is as follows. In Section 2 we collect the ba-
sic tools that we shall use throughout the proofs, including the fundamental
for our purpose Furstenberg’s fixed point theorem. In Section 3 we show a
general nonlinear Ryll-Nardzewski type theorem in Banach spaces and its
consequences. Section 4 presents the proof of the first part of Theorem B.
In Section 5 we apply the previous results to prove the qualitative parts of
Theorems A, B and an extension of Theorem C to dynamical systems in
L-embedded sets. The paper is concluded with a nonlinear generalization of
Fan’s theorem [8, Theorem 1] concerning the orbits of semigroups of linear
contractions in the case of reflexive Banach spaces.
2. Main tools
In this section we list the main components that we shall use to prove
the nonlinear Ryll-Nardzewski theorem and its generalizations.
A bounded subset A of a Banach space X is called dentable if for each
ǫ > 0 there is x ∈ A such that x /∈ co(A \ B(x, ε)). We recall the follow-
ing characterization of a set with the Radon-Nikody´m property (RNP for
short): a bounded closed convex set C ⊂ X has the RNP iff every bounded
nonempty subset of C is dentable. A Banach space X is said to have the
RNP if its unit ball has the RNP. It is well known that any weakly com-
pact convex subset of a Banach space has the RNP as well as any separable
weak∗ compact convex subset of a dual space. Moreover, a Banach space X
is Asplund iff X∗ has the RNP.
The notion of dentability is closely related with the concept of frag-
mentability that is crucial for the geometric approach to Ryll-Nardzewski’s
theorem and its generalizations. Let (X, τ) be a topological space and let ρ
be a metric on X . We say that (X, τ) is ρ-fragmented if for every ε > 0 and
a nonempty set A ⊂ X there is a τ -open set U in X such that U ∩ A 6= ∅
and ρ-diam(U ∩ A) < ε. A rather straightforward application of the Baire
category theorem shows that a compact space (X, τ) is ρ-fragmented iff for
each τ -closed subset A of X , the identity map id : (A, τ) → (A, ρ) has a
point of continuity. Thus every weak∗ compact convex set with the RNP is
norm-fragmented (see, e.g., [3, Theorem 4.2.13]).
The fundamental tool for our results is the following consequence of
Furstenberg’s structure theorem [9], extended from metrizable to arbitrary
compact affine systems by Namioka (see [17, Theorem 4.1], [18, Theorem
4.1]).
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Theorem 2.1 (Furstenberg’s fixed point theorem). Let (S,Q) be a com-
pact affine dynamical system. Suppose there exists a nonempty compact S-
invariant subset K (i.e., s(K) ⊂ K for each s ∈ S) of Q such that (S,K)
is distal. Then there is a common fixed point of S in Q.
It follows from Theorem 2.1 that every distal compact dynamical system
admits an invariant Radon probability measure. The Radon-Nikodym prop-
erty implies that every Radon measure on a weak∗ compact convex set with
the RNP has norm-separable support (see, e.g., [13, Theorem 4.1]) and we
will use this fact in the proof of a general version of our theorem.
The next component is the following observation of DeMarr [7, Lemma
1] that also follows from the characterization of normal structure in [5].
Recall that a point x of a bounded set A ⊂ X is called diametral if
supy∈A ‖x− y‖ = diamA. A convex set K ⊂ X is said to have normal
structure if each bounded, convex subset A of K with diamA > 0 contains
a nondiametral point.
Lemma 2.2. Let X be a Banach space and let K be a nonempty compact
subset of X. Then there exists u ∈ coK such that sup{‖x− u‖ : x ∈ K} <
diamK provided diamK > 0.
It follows that every compact convex subset of X has normal structure.
Note that the result remains unchanged if we replace X by any locally
convex space and a norm by a continuous seminorm.
The link between the weak, weak∗ and norm compactness is given by the
method developed in the nonlinear case by Hsu, To-Ming Lau and Taka-
hashi (see [11], [14, Lemma 5.2]). We reformulate the result in the case of
locally convex spaces. Let X be a locally convex space whose topology τ is
determined by a family N of seminorms on X and let Q ⊂ X . We say that
a dynamical system (S,Q) is N -nonexpansive if p(sx − sy) ≤ p(x − y) for
every p ∈ N , s ∈ S and x, y ∈ Q.
Lemma 2.3. Let (S,K) be an N -nonexpansive dynamical system, where K
is a minimal weakly compact S-invariant and τ -separable subset of a locally
convex space (X, τ) such that s(K) = K for each s ∈ S. Then K is τ -totally
bounded.
Proof. Let U = {x ∈ X : p1(x) < ε, ..., pn(x) < ε}, p1, ..., pn ∈ N , ε > 0, be
a τ -open neighbourhood of 0 and take a convex τ -closed neighbourhood V
of 0 such that V − V ⊂ U. Since K is τ -separable, there exists a sequence
{xn} ⊂ K such thatK ⊂
⋃
∞
n=1(xn+V ). Since (K,weak) is a Baire space and
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each translate of V is weakly closed, there is a weakly open neighbourhood
W of 0 and z, xi ∈ K such that
(z +W ) ∩K ⊂ (xi + V ) ∩K ⊂ (z + U) ∩K.
Take a weakly open neighbourhood W ′ of 0 such that W ′ +W ′ ⊂W and a
τ -open neighbourhood of 0, U ′ = {x ∈ X : q1(x) < ε′, ..., qm(x) < ε′},
q1, ..., qm ∈ N , ε′ > 0, such that U ′ ⊂ W ′. By τ -separability, there is
a sequence {yn} ⊂ K such that K ⊂
⋃
∞
n=1(yn + U
′). Since K is min-
imal S-invariant, {sy : s ∈ S} is weakly dense in K for each y ∈ K,
and hence we can choose by induction a sequence {sn} ⊂ S such that
s1y1, s2s1y2, ..., snsn−1...s1yn, ... ∈ z+W ′. It follows from N -nonexpansivity
that
snsn−1...s1((yn + U
′) ∩K) ⊂ snsn−1...s1yn + U
′ ⊂ z +W
for each n, and thus K ⊂
⋃
∞
n=1(snsn−1...s1)
−1(z +W ). Since K is weakly
compact, there exists a finite subcover K ⊂
⋃p
n=1(snsn−1...s1)
−1(z + W ).
Now we have
K = spsp−1...s1(K) ⊂
p⋃
n=2
spsp−1...sn((z +W ) ∩K) ∪ ((z +W ) ∩K)
⊂
p⋃
n=2
spsp−1...sn((z + U) ∩K) ∪ ((z + U) ∩K)
and from the nonexpansivity, K ⊂
⋃p
n=2(spsp−1...snz + U) ∪ (z + U), that
is, K is totally bounded. 
Note that in Banach spaces the above argument works when K is weak∗
compact too (see [14, Lemma 5.2]).
In what follows, we show how the results described in this section interact
with one another and with some classical arguments in this field to prove
nonlinear Ryll-Nardzewski type theorems.
3. Fixed points of distal systems and the Radon-Nikodym
property
In this section we prove a general nonlinear fixed point theorem of Ryll-
Nardzewski type in Banach spaces.
Theorem 3.1. Let Q be a weak∗ compact convex subset with the Radon-
Nikody´m property of a dual Banach space X and let (S,Q) be a nonexpansive
and norm-distal dynamical system. Then there is a fixed point of S in Q.
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Proof. By Kuratowski-Zorn’s lemma, we can assume without loss of gen-
erality that Q is a minimal S-invariant weak∗ compact convex subset with
the RNP of X . Let K be a minimal S-invariant weak∗ compact subset of Q.
We first prove that (S,K) is weak∗-distal. It is a classical part of the proof.
Fix x, y ∈ K. By norm-distality, there is ε > 0 such that
(3.1) ‖sx− sy‖ > ε
for every s ∈ S. Suppose conversely that S is not weak∗-distal on K, i.e.,
there are nets (sαx), (sαy) such that w
∗-lim sαx = w
∗-lim sαy = u for some
u ∈ K. Notice that K = {su : s ∈ S}
weak
∗
by the minimality of K. Since
K is norm-fragmented as a subset of a weak∗ compact convex set Q with
the RNP, there is a weak∗-open set U in Q such that U ∩ K 6= ∅ and
diam(U ∩ K) < ε. Hence there exists s0 ∈ S such that p = s0u ∈ U ∩K.
Then
w∗- lim s0sαx = p = w
∗- lim s0sαy
and thus s0sαx, s0sαy ∈ U ∩K eventually. But this contradicts (3.1) and S
is weak∗-distal on K.
Let C(K) denote the space of continuous functions on K and define
(f · s)(t) = f(st) for f ∈ C(K) and s, t ∈ S. Let Tsf = f · s for each
s ∈ S. Notice that (S, P (K)) is an affine dynamical system with the action
s · µ = T ∗s (µ), where P (K) is the convex weak
∗-compact set of all means
on C(K) (i.e., Radon probability measures on K with the weak∗ topology)
and T ∗s : C(K)
∗ → C(K)∗ is the adjoint of Ts. Let φ : K → P (K) be the
natural embedding of K into P (K) defined by φ(x)(f) = f(x). Then φ is
an isomorphism of systems (S,K) and (S, φ(K)). Thus (S, φ(K)) is weak∗
distal since (S,K) is and, by Theorem 2.1, there is a fixed point µ of S in
P (K), that is, µ is an S-invariant Radon probability measure on K.
Define K0 = supp(µ) and notice that µ(s
−1(K0)) = µ(K0) = 1. Hence
K0 ⊂ s−1(K0) since s−1(K0) is weak∗ closed. Similarly,
µ(s(K0)) = µ(s
−1(s(K0))) = µ(K0) = 1
and consequently, K0 ⊂ s(K0) (notice that s(K0) is weak∗ compact). Thus
s(K0) = K0 for every s ∈ S and, sinceK is assumed to be minimal,K = K0.
Moreover, K = supp(µ) is nonempty, weak∗ compact and norm-separable
as a subset of Q with the RNP. It follows from [14, Lemma 5.2] (see also
Lemma 2.3) that K is norm-compact.
We show that K consists of a single point. Suppose that r = diamK > 0.
Then by Lemma 2.2, there is u ∈ coK such that r0 = sup{‖u− y‖ : y ∈
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K} < r. Define
Q0 = {x ∈ Q : ‖x− y‖ ≤ r0 for all y ∈ K}.
Then u ∈ Q0 and Q0 is a weak∗ compact convex proper subset of Q. Since
the system (S,Q) is nonexpansive and s(K) = K, it follows that s(Q0) ⊂ Q0
for each s ∈ S which contradicts the minimality of Q. Thus diamK = 0 and
K consists of a single point which is a common fixed point of S in K. 
As a consequence, we obtain the nonlinear version of Namioka-Phelps’
theorem [19, Theorem 15]. Recall that a Banach space X is Asplund if
every continuous convex function on any open convex subset U of X is
Fre´chet differentiable on a dense Gδ-subset of U . By the results of Namioka,
Phelps and Stegall, X is Asplund iff X∗ has the RNP.
Corollary 3.2. Suppose X is an Asplund space and Q a weak∗ compact
convex subset of X∗. If (S,Q) is a nonexpansive and norm-distal dynamical
system, then there is a fixed point of S in Q.
Similarly, since every separable weak∗ compact convex subset of a dual
space has the RNP, we have
Corollary 3.3. Let Q be a separable weak∗ compact convex subset of a
dual Banach space X∗ and let (S,Q) be a nonexpansive and norm-distal
dynamical system. Then there is a fixed point of S in Q.
Furthermore, every weakly compact convex subset of a Banach space X
can be regarded as a weak∗ compact convex subset (with the RNP) of X∗∗.
Hence we obtain the nonlinear Ryll-Nardzewski theorem in a Banach space.
Corollary 3.4. Let Q be a weakly compact convex subset of a Banach space
X and let (S,Q) be a nonexpansive and norm-distal dynamical system. Then
there is a fixed point of S in Q.
In the next section we generalize Corollary 3.4 to locally convex spaces.
4. Nonlinear Ryll-Nardzewski’s theorem in locally convex
spaces
In a locally convex space (X, τ), the arguments in the proof of Theorem
3.1 are not completely applicable since it is not clear whether the support
of a Radon measure on a weakly compact subset of (X, τ) is τ -separable.
However, by a classical argument, we can reduce the problem to S being
countable in this case.
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Theorem 4.1. Let Q be a weakly compact convex subset of a locally convex
space (X, τ) whose topology τ is determined by a family N of seminorms
on X. If a dynamical system (S,Q) is N -nonexpansive and τ -distal, then
there is a fixed point of S in Q.
Proof. By weak compactness, it is sufficient to show that each finite subset of
S has a common fixed point in Q. Hence we can assume that S is countable
and Q is a minimal S-invariant weakly compact convex subset of X . Let K
be a minimal S-invariant weakly compact subset of Q.
We show that S is weakly-distal on K. If not, then there are x, y, u ∈ K
and nets (sαx), (sαy) such that w-lim sαx = w-lim sαy = u. Notice that
K = {su : s ∈ S}
weak
by the minimality of K. Since (S,K) is τ -distal, there
is a τ -neighborhood U of 0 such that s(x)− s(y) /∈ U for each s ∈ S. Let V
be a convex τ -closed neighborhood of 0 such that V − V ⊂ U . By Mazur’s
lemma, K ⊂ coτ{su : s ∈ S} and, since S is countable, K is τ -separable.
Hence there exists a sequence {yn} ⊂ K such that K ⊂
⋃
∞
n=1(yn + V ).
From Baire’s category theorem, there is a weakly open neighbourhood W
of 0 and z, yi ∈ K such that (z +W ) ∩K ⊂ yi + V. Thus there is s0 ∈ S
such that s0u ∈ z +W. It follows that
w- lim s0sαx = s0u = w- lim s0sαy
and eventually s0sαx, s0sαy ∈ (z +W ) ∩K ⊂ yi + V. Hence s0sαx− s0sαy
is eventually in V − V ⊂ U but it contradicts our choice of U. Thus S is
weakly-distal on K.
Now, as in the proof of Theorem 3.1, we can show that K admits an
S-invariant Radon probability measure and s(K) = K for each s ∈ S.
Moreover, K is τ -separable and it follows from Lemma 2.3 that K is totally
bounded. We can certainly assume that (X, τ) is complete (since otherwise
we consider the closure of K in the completion of X). Thus K is τ -compact.
If K consists of more than one point, then there exists a seminorm q ∈ N
such that r = sup{q(x − y) : x, y ∈ K} > 0. Then by a counterpart of
Lemma 2.2, there is u ∈ coK such that r0 = sup{q(u − y) : y ∈ K} < r.
Define
Q0 = {x ∈ Q : q(x− y) ≤ r0 for all y ∈ K}.
Then u ∈ Q0 and Q0 is a weakly compact convex proper subset of Q. Since
the action is N -nonexpansive and s(K) = K, s ∈ S, we have s(Q0) ⊂ Q0
for each s ∈ S which contradicts the minimality of Q. Thus K consists of a
single point x and sx = x for every s ∈ S.
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5. Applications
In 2012, Bader, Gelander and Monod [2] gave a beautiful proof of a fixed
point theorem in L-embedded Banach spaces. One of its consequences is
the optimal solution to the following “derivation problem”: if G is a locally
compact group, then any derivation from the convolution algebra L1(G) to
M(G) is inner. The problem was studied since 1960s and proved for the
first time by Losert [16, Theorem 1.1]. We apply Theorem 3.1 to show a
nonlinear extension of Bader-Gelander-Monod’s theorem [2, Theorem A].
Recall that a Banach space X is said to be L-embedded if its bidual X∗∗
can be decomposed as X∗∗ = X ⊕1 Xs for some Xs ⊂ X∗∗ (with the norm
being the sum of norms of X and Xs). The class of L-embedded Banach
spaces includes all L1 spaces, preduals of von Neumann algebras and the
Hardy space H1. We need the following generalization.
Definition 5.1 (see [15]). Let C be a nonempty subset of a Banach space
X and denote by C
wk
∗
the closure of C in X∗∗ in the weak∗ topology of
X∗∗. We say that C is L-embedded if there is a subspace Xs of X
∗∗ such
that X ⊕1 Xs ⊂ X∗∗ and C
wk
∗
⊂ C ⊕1 Xs.
It was proved in [15] that every L-embedded set is weakly closed. More-
over, a Banach space is L-embedded iff its unit ball is L-embedded. Notice
that a weakly compact subset C of any Banach space X is L-embedded
since C
wk
∗
= C.
If A,C are subsets of a Banach space X with A bounded, we define the
Chebyshev radius of A in C by
rC(A) = inf
x∈C
sup
y∈A
‖x− y‖
and the Chebyshev center of A in C by
EC(A) = {x ∈ C : sup
y∈A
‖x− y‖ = rC(A)}.
Lemma 5.2 (see [15, Lemma 3.3]). Let C be an L-embedded subset of a
Banach space X and A a bounded subset of X. Then the Chebyshev center
EC(A) is weakly compact.
Combining Corollary 3.4 with Lemma 5.2 yields the following extension
of [2, Theorem A].
Theorem 5.3. Let Q be a bounded convex L-embedded subset of a Banach
space X and let (S, (Q,weak)) be a nonexpansive and norm-distal dynamical
system. If Q contains a bounded subset A such that s(A) = A for all s ∈ S,
then there is a fixed point of S in EQ(A).
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Proof. Notice that EQ(A) is convex, s(EQ(A)) ⊂ EQ(A) and by Lemma 5.2,
EQ(A) is weakly compact. Therefore, we can apply Corollary 3.4 to obtain
a fixed point of S in EQ(A). 
Corollary 5.4. Let A be a non-empty bounded subset of an L-embedded
Banach space X. Then there is a point in X fixed by every weakly continuous
isometry of X into X preserving A. Moreover, one can choose a fixed point
which minimises supa∈A ‖x− a‖ over all x ∈ X.
Note that in [2] a similar statement is asserted for affine isometries.
Our next result concerns the qualitative information about the structure
of the set of fixed points of nonexpansive distal systems. We shall rely on
the following consequence of Bruck’s theorem [6, Theorem 3].
Theorem 5.5. Let Q be a compact Hausdorff topological space and S a
semigroup of mappings on Q. Suppose that S is compact in the topology of
pointwise convergence and each nonempty closed S-invariant subset of Q
contains a fixed point of S. Then there exists in S a retraction of Q onto
F (S) = {x ∈ Q : sx = x for every s ∈ S}.
Note that a retraction in the above theorem is simply a mapping r : Q→
F (S) such that r ◦ r = r. (The continuity of r in the topology of Q is
not required). The following theorem is the qualitative part of Theorem A
alluded to in the introduction.
Theorem 5.6. Let Q be a weak∗ compact convex subset with the RNP of
a dual Banach space X and let (S,Q) be a nonexpansive and norm-distal
dynamical system. Then the set F (S) of fixed points of S is a nonexpansive
retract of Q.
Proof. Put Sˆ = {T : Q → Q | T is nonexpansive and F (S) ⊂ F (T )}.
Notice that QQ is compact in the product topology when Q is given the
weak∗ topology and the product topology is the topology of weak∗ pointwise
convergence. Moreover, Sˆ ⊂ QQ is closed in this topology since
‖w∗- limTαx− w
∗- limTαy‖ ≤ lim inf
α
‖Tαx− Tαy‖ ≤ ‖x− y‖
for every x, y ∈ Q and every convergent net {Tα} ⊂ Sˆ, and w∗-limTαx = x
whenever sx = x, s ∈ S. Thus Sˆ is a compact semigroup in the topology of
weak∗ pointwise convergence and F (S) = F (Sˆ). Let Q0 be a weak
∗ closed
Sˆ-invariant subset of Q. Choose x ∈ Q0 and notice that Qˆ = {Tx : T ∈ Sˆ}
is a weak∗ compact Sˆ-invariant subset of Q0. Moreover, Qˆ is convex since
αT1 + (1 − α)T2 ∈ Sˆ if T1, T2 ∈ Sˆ and α ∈ [0, 1]. By Theorem 3.1, there is
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a fixed point of Sˆ in Qˆ ⊂ Q0. Now it follows from Theorem 5.5 that there
exists in Sˆ a retraction of Q onto F (Sˆ) = F (S). But every element in Sˆ is
nonexpansive (though, not necessarily weak∗ continuous). 
In a similar way we have the qualitative part of Theorem B.
Theorem 5.7. Let Q be a weakly compact convex subset of a locally convex
space (X, τ) and let (S,Q) be an N -nonexpansive and τ -distal dynamical
system. Then the set F (S) of fixed points of S is an N -nonexpansive retract
of Q.
We end the paper with the following nonlinear extension of Fan’s result [8,
Theorem 1] in reflexive spaces. Let X be a Banach space and E be a subset
of X∗. We will say that a dynamical system (S,E) is deflating if there exist
distinct ϕ1, ϕ2 ∈ E such that for every absolutely convex, weakly compact
set C ⊂ X and any ε > 0, there is s ∈ S such that |(sϕ1)(y)− (sϕ2)(y)| < ε
for every y ∈ C.
Theorem 5.8. Let X be a reflexive Banach space, z ∈ X, ‖z‖ = 1 and
Q = {ϕ ∈ X∗ : ‖ϕ‖ = ϕ(z) = 1} ⊂ E. Let (S, (Q,weak)) be a non-deflating
and norm-nonexpansive dynamical system. Then there exists ψ ∈ Q such
that sψ = ψ for all s ∈ S.
Proof. It is clear that Q is a convex weakly compact subset of X∗. Let
ϕ1, ϕ2 be two distinct elements of Q. Since S is non-deflating, there is a
weakly compact absolutely convex subset C of X and ε > 0 such that for
every S ∈ S there is y0 ∈ C satisfying |(sϕ1)(y0)− (sϕ2)(y0)| ≥ ε. Thus
{ϕ ∈ X∗ : |ϕ(y)| < ε for y ∈ C} is a τ(X∗, X)-neighbourhood of 0 with
respect to the Mackey topology τ(X∗, X) of X∗ which is disjoint from the
set {sϕ1 − sϕ2 : s ∈ S}. Since X is reflexive, τ(X∗, X) coincides with the
norm topology and thus (S,Q) is norm-distal. Now the thesis follows from
Corollary 3.4. 
Let z ∈ X, ‖z‖ = 1, and let S be a semigroup of linear mappings s :
X → X such that ‖u‖ ≤ 1 and s(z) = z for each s ∈ S. Suppose that
S has no direction of deflation, i.e., for every 0 6= ϕ ∈ X∗ there is an
absolutely convex, weakly compact subset of X and ε > 0 such that u(C) 6⊂
{y ∈ X : |ϕ(y)| < ε}. Then the semigroup S∗ = {s∗ : X∗ → X∗ | s ∈ S}
of adjoints of S satisfies the assumptions of Theorem 5.8 since it is non-
deflating, norm-nonexpansive and (s∗ϕ)(z) = ϕ(s(z)) = ϕ(z) = 1 for every
ϕ ∈ Q and s ∈ S. Hence there exists ψ ∈ Q such that ψ(s(x)) = ψ(x) for
all x ∈ X and s ∈ S. Thus Theorem 5.8 is a nonlinear generalization of [8,
Theorem 1] in the case of reflexive spaces.
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